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Direct Computation of Lower-Bound Dynamic Buckling
Loads of Imperfection-Sensitive Systems

Baisheng Wu¤

Jilin University of Technology, 130023 Changchun, People’s Republic of China

The computation of lower-bound dynamic buckling loads of imperfection-sensitive systems is examined under
step load of in� nite duration. An extended system based on the energy criterion for establishing the lower-bound
dynamic buckling loads without solving the highly nonlinear initial-value problems is proposed. The newly intro-
duced scaling parameters are nonsingular solutions to the extended system; thus, standard methods can be used
to compute them. Using the extended system, one can directly obtain the lower-bound dynamic buckling loads
without tracing the postbuckling equilibrium paths. An ef� cient implementation of Newton’s method for solving
the extended system is presented, and numerical examples are given.

I. Introduction

F OR a discrete nonlinear autonomous structural system under
step load of in� nite duration, one usually seeks the exact value

¸d of dynamic buckling load by integratingthe equationsof motion
subject to given initial conditions. In some cases, the numerical
integrationsarequite time-consuming.This is particularlytrue when
an unbounded motion is initiated after a very long period of time
or, in case of the existence of chaotic-like phenomena, because of
sensitivityto initialconditionsor becauseof damping.1 – 8 Therefore,
it is highly desirable to supplement numerical simulation by other
solutions, such as approximate or lower- or upper-boundestimates
for the dynamic buckling load. Such estimates not only help us to
monitor the accuracy of the numerical algorithms but also provide
fast and inexpensive approximations that can be very useful for
structural design purposes.1– 8

Without solvingthe highly nonlinearsystemof ordinarydifferen-
tial equations, the lower- or upper-bound buckling estimates based
on energy criteria for initially imperfect discrete as well as contin-
uous structural systems, under step load of in� nite duration, have
been established by Kounadis and associates1– 8 and Simitses.9 Let
¸ be the load parameter and " a measure of the magnitudeof a given
imperfection pattern. We assume that the imperfect system under
the same loading ¸ applied statically exhibits a limit point instabil-
ity. Then, the limit point load (static buckling load) ¸s is an upper
bound of the dynamic buckling load ¸d . Determination of ¸s has
been discussed by numerous investigators (see, e.g., Ref. 10 and
references cited therein). The lower-bound dynamic buckling load
Q̧

d and the corresponding displacement ud are associated with an
equilibriumpoint of the unstable postbucklingpath, where the total
potential energy is equal to zero. The lower-boundestimate is quite
close to the exactdynamicbucklingload, as shown in Refs. 1–8. The
upper and lower boundsof dynamic buckling loads are different for
the same magnitude of imperfections, as shown in the asymptotic
analyses in Refs. 10 and 11.

Based on the energy criterion for establishing the lower-bound
dynamic buckling load, three approachescan be used for its numer-
ical realization. The � rst approach9 is to solve the corresponding
static equilibrium problem and compute the value of the total po-
tential energy at every static unstable equilibrium point. The load
value, for which the value of the total potential energy at this unsta-
ble point becomes zero, is a measure of the lower-bound dynamic
buckling load. This method, however, requires a separate analysis
for each magnitudeof a given imperfectionpattern to be considered.
Also, equilibrium paths may have strong curvatures in the vicinity
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of bifurcation points, rendering them dif� cult to track numerically.
The second possible procedure is � nding the simultaneous solution
of the equilibrium equation along with the potential energy being
equal to zero for a given imperfection, subject to the condition that
the static equilibrium position obtained from the solution is unsta-
ble. The approachneeds special attentionbecause it easily can yield
physically unacceptable solutions that arise from the nonlinearity
of the problem.9 The third approach11 ;12 is to � nd the lower-bound
dynamicbucklingload by perturbingthe simultaneousequationsre-
sulting from the energy criterion. This approach, however, involves
complex terms, e.g., third- and fourth-orderderivatives of potential
energy. In addition, the range of validity of this method is restricted
because such results often are based on the lower-order asymptotic
analyses.

The goalof thispaper is to presentan alternativemethodfordeter-
mining the lower-bounddynamic buckling loads that can overcome
the previous reservations. The new method will be constructed by
introducing an extended system (see, e.g., Refs. 13 and 14). By in-
troducing some new scaling parameters, which have their origin in
the Lyapunov–Schmidt–Koiter approach15 ;16 and the perturbation
expansion technique,11 we bridge the gap between the bifurcation
point of the perfect system and the zero potentialenergy point of the
postbucklingpathof theimperfectsystembyuseof theextendedsys-
tem. The solutionto theextendedsystemcan be expressedas smooth
functions of » , the amplitude of projection of displacement on the
normalized buckling mode of the perfect system. By analyzing the
stability of the obtained solutions,11 we can choose the direction of
the continuationparameter » so that the instability condition is sat-
is� ed automatically.Finally, without tracking the equilibrium paths
of the imperfect system, we can directly obtain the lower-bound
dynamic buckling loads by using a continuation of » from » D 0
with the extendedsystem. The implementationof Newton’s method
for solving the extended system—a partitioningprocedure—also is
discussed. Two examples are used to illustrate the present method.

II. Basic Formulas
The term imperfect system is used repeatedly and denotes a more

detailed structural model, which simulates some or all of the unin-
tended deviations of the real system from the perfect model. These
unintendeddeviationsaredenotedcollectivelyas imperfections.It is
understoodthat the imperfectionshave been normalized so that, for
zero magnitude of the imperfection patterns, the imperfect system
is reduced to the perfect one.

Consider a discrete autonomous imperfect system. Let the poten-
tial energy of the imperfect system be given by V .u; ¸; w/, where
u denotes the additionaldisplacementof the imperfect system from
its initial con� guration, ¸ the loading parameter, and w the imper-
fection of the system. The loading ¸ is considered to be the main
control parameter for the occurrenceof static and dynamic bifurca-
tions. Furthermore, let U and W denote, respectively,spaces of dis-
placement and imperfection of the system. We introduce two inner
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products in the two spaces denoted by (u1; u2) for ui 2 U .i D 1; 2/
and [w1; w2] for wi 2 W .i D 1; 2/, and the correspondingnorms are
kuk D .u; u/1=2 for u 2 U and jwj D [w; w]1=2 for w 2 W , respec-
tively. It is convenientto distinguishbetween the imperfectionmag-
nitude " D jwj and the normalized imperfection pattern Nu D w=jwj.
Thus, thepotentialenergy V may be written as V .u; ¸; " Nu/: Further-
more, for all ¸ and " the potential energy V can always be chosen
to obey the condition

V .0; ¸; " Nu/ D 0 .1/

Throughout, we use the following notation: various functional
(Fréchet) derivativesof the potential energy with respect to u and w
are denotedby subscripts. /u and . /w , respectively,and the ordinary
partial derivatives with respect to ¸ are denoted by a subscript . /¸,
etc.

By Eq. (1), the potential energy of the imperfect system, under
step load of in� nite duration, is zero at the initial moment. Conse-
quently, according to the energy criterion,1 – 9 the lower-bound dy-
namic buckling load can be obtained by requiring that the potential
energy V at a certain unstable static equilibriumpositionbe equal to
zero. That is, for each magnitude " of a given imperfection pattern
Nu, the lower-bound dynamic buckling load Q̧

d and the correspond-
ing displacement ud are the simultaneous solutions (for unknowns
u and ¸) of the nonlinear equilibrium equations

Vu.u; ¸; " Nu/ D 0 .2/

along with

V .u; ¸; " Nu/ D 0 .3/

subject to the condition that the static equilibrium position deter-
mined by the solution of Eqs. (2) and (3) is unstable.

As pointedout in Sec. I, it can easilyyieldphysicallyunacceptable
solutions to directly solve system of Eqs. (2) and (3) with respect
to u and ¸ for a given value of ". We will propose a new method
to attack this problem in next section. To this end, the following
conditions are presented:

We assume that, for the perfect system, there exists a trivialmajor
equilibrium solution u D u0.¸/ D 0 as the load increases from zero,
i.e.,

Vu.0; ¸; 0/ ´ 0 .4/

Let ¸ D ¸c be the buckling load for the perfect system, assumed
to be simple, with correspondingbuckling mode u1 normalized by
ku1k D 1. In mathematical terms,

V c
uuu1 D 0 .5/

where superscriptc denotes the correspondingderivativesof poten-
tial energy function V calculated at .u; ¸; w/ D .0; ¸c; 0/. We fur-
therassumethat, when load parameter¸ passes increasinglythrough
its critical value ¸c, the trivial major equilibrium solution becomes
unstable from stable17– 20:

V c
uu¸u2

1 < 0 .6/

We also assume that the effect of imperfections is of the � rst
order17– 20:

V c
uwu1 Nu 6D 0 .7/

III. Extended System for Computing the Lower-Bound
Dynamic Buckling Loads

For the stable solution of a nonlinear system, using a Newton-
like method, for example, it is important that the solution be non-
singular.13 Based on the Lyapunov–Schmidt–Koiter approach15;16

and the perturbationexpansion technique,11 the following extended
system for determining the lower-bounddynamic buckling loads of
discrete autonomous imperfect systems under step load of in� nite
duration is presented:

E.v; 3; ¿; »/ :D
g1.v; 3; ¿; »/

g2.v; 3; ¿; »/

g3.v; 3; ¿; »/

D 0 (8a)

where

g1 :D

Vu »u1 C » 2v; ¸c C »3; » 2¿ Nu
» 2

; if » 6D 0

V c
uuv C 3V c

uu¸u1 C ¿V c
uw Nu C 1

2
V c

uuuu2
1; if » D 0

(8b)

g2 :D

V »u1 C » 2v; ¸c C »3; » 2¿ Nu/

» 3
; if » 6D 0

1

2
3V c

uu¸
u2

1 C ¿ V c
uw

u1 Nu C 1

6
V c

uuuu3
1; if » D 0

(8c)

g3 :D .u1; v/ (8d)

and

E : Rn £ R £ R £ R ! Rn £ R £ R (8e)

Using the Taylor expansion, one can derive that g1 and g2 are con-
tinuous.

Consider the following system of equations:

g1.v; 3; ¿; 0/ D 0; g2.v; 3; ¿; 0/ D 0
(9)

g3.v; 3; ¿; 0/ D 0

It has the solution

.v; 3; ¿ / D .v0; 30; ¿0/

where

v0 D v00 ¡ .u1; v00/u1; 30 D ¡2V c
uuuu3

1

3V c
uu¸u2

1
(10)

¿0 D
V c

uuuu3
1

6V c
uwu1 Nu

and v00 is a particular solution to the following equation:

V c
uuv C 30V c

uu¸u1 C ¿0V c
uw Nu C 1

2
V c

uuuu2
1 D 0 .11/

Based on conditions(1), (4), and (5), the homogeneoussystem asso-
ciated with the linearizationof E D 0 in Eq. (8) at » D 0 with respect
to .v; 3; ¿ / has the form

V c
uu±v C ±3V c

uu¸u1 C ±¿V c
uw Nu D 0 (12a)

1
2 ±3V c

uu¸u2
1 C ±¿V c

uwu1 Nu D 0 (12b)

.u1; ±v/ D 0 (12c)

Taking inner product with u1 in the two sides of Eq. (12a), using
Eq. (5) one achieves

±3V c
uu¸u2

1 C ±¿ V c
uwu1 Nu D 0 .13/

Under conditions (6) and (7), the determinant of coef� cient matrix
of Eqs. (12b) and (13) is nonzero; thus we deduce ±3 D ±¿ D 0.

Substituting ±3 D ±¿ D 0 into Eq. (12a) gives

V c
uu±v D 0 .14/

From Eq. (5), the solution to Eq. (14) is given as

±v D cu1 .15/

Use of Eqs. (15) and (12c) leads to c D 0; hence

±v D 0

Then we have the following theorem:
Theorem. Let potential energy function V .u; ¸; " Nu/ satisfy con-

ditions (1) and (4–7). Then, for » D 0, extended system (8) has a
solution .v0; 30; ¿0/ and its linearization with respect to .v; 3; ¿ /,
at this solution, is nonsingular.

We draw some important conclusions from the nonsingularity
of the extended system E D 0 in Eq. (8) at » D 0. Based on the
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implicit-function theorem applied to (j» j < »0) E.v; 3; ¿; »/ D 0,
there exists a locally unique smooth solution curve .v.» /; 3.»/;
¿ .» // of E D 0 passing through .v0; 30; ¿0/ at » D 0.

On the other hand, for » 6D 0, from Eqs. (8a– d), one derives

Vu »u1 C » 2v.»/; ¸c C »3.»/; » 2¿ .» / Nu D 0
(16)

V »u1 C » 2v.»/; ¸c C »3.»/; » 2¿ .» / Nu D 0

Hence, for the given imperfectionpattern Nu, .u; ¸/ D .»u1 C» 2v.»/,
¸c C »3.»// corresponds to a solution to the system of Eqs. (2) and
(3) for the imperfection magnitude " D » 2¿ .» /. Using the conclu-
sion of stability analysis in Wu,11 we see that, only if »3.»/ < 0,
Q̧

d :D ¸c C »3.»/ is the lower-bounddynamic buckling load for the
imperfectionmagnitude" D » 2¿ .» / and the correspondingdisplace-
ment ud D »u1 C » 2v.»/.

Summarizing these results, we have the following corollary:
Corollary. Let the conditions of the theorem be satis� ed. Then,

there exists a locally smooth solution curve .v.» /, 3.»/, ¿ .» // 2
Rn £ R £ R of E.v; 3; ¿; »/ D 0 such that v.0/ D v0 , 3.0/ D 30

and ¿.0/ D ¿0. Furthermore, for » 6D 0, ¸c C »3.»/ is the lower-
bound dynamic buckling load with respect to imperfection magni-
tude » 2¿.» / for given imperfection pattern Nu when »3.»/ < 0.

Now we can propose a procedure for the computation of lower-
bound dynamic buckling loads for imperfect systems.

1) Determine the buckling load ¸ D ¸c and corresponding buck-
lingmodeu1 of theperfectsystembysolvinganeigenvalueproblem.

2) For a given imperfection pattern Nu, extended system (8) (i.e.,
E D 0) then can be used to compute the lower-bound dynamic
buckling loads ¸c C »3.»/ and the corresponding displacement
»u1 C » 2v.»/ for the imperfection magnitude » 2¿.» / by using a
continuation of » from » D 0 along the direction of » satisfying
»3.»/ < 0.

Remark. The nonsingularityof .v; 3; ¿ / D .v0; 30; ¿0/ as the so-
lution to extended system (8) with » D 0 guarantees that we can
succeed in the numerical continuation in step (2).

Extended system (8) can be solved by Newton’s method. In
the practical realization, one can take advantage of a partition-
ing technique.21 For given » 6D 0, we have to solve the system
E.z; » / D 0 by the iterations

Ez.z
k; » /±zk D ¡E.zk; » /; zk C 1 D zkC±zk ; k D 1; 2; : : :

(17)

where zk D .vk ; 3k ; ¿ k / and ±zk D .±vk; ±3k ; ±¿ k/. Equation (17)
can be written as [V k

u :D Vu.»u1 C » 2vk ; ¸c C »3k; » 2¿ k Nu/ etc.]

Ak ±vk C bk ±3k C ck±¿ k D r k (18a)

pk ±vk C q k±3k C yk ±¿ k D sk (18b)

.u1; ±vk / D tk (18c)

where

Ak D V k
uu ; bk D

V k
u¸

»
; ck D V k

uw Nu

pk D
V k

u

»
; qk D

V k
¸

» 2
; yk D

V k
w Nu
»

r k D ¡
V k

u

» 2
; sk D ¡

V k

» 3
; t k D ¡ u1; vk

Direct solutionof systems (18a–c) with Gaussian eliminationmight
require full pivotingstrategy to avoid severeaccumulationof round-
off errors. However, full pivoting destroys the bordered structure of
the coef� cient matrix. We solve system (18a–c) by means of a par-
tition of the coef� cient matrix.

For » D 0, the tangent stiffness matrix K c D V c
uu at the bifurca-

tion point is of rank (n ¡ 1) and cannot be inverted. Let j be the
largest component in the buckling mode u1. The submatrix NK c

achieved by deleting the j th row and the j th column from K c is
nonsingular.Hence, if .vk ; 3k ; ¿ k; » / is close to .v0; 30; ¿0; 0/, the
.n ¡ 1/ £ .n ¡ 1/ submatrix Bk of Ak that is obtained by deleting
the j th row and the j th column from matrix Ak .D .ak

i j /n £ n/ will be
nonsingular.

Equation (18a) can be split into the following two groups:

Bk ± Nvk D ¡ Nbk ±3k ¡ Nck±¿ k ¡ Ndk ±vk
j C Nr k (19a)

n

l D 1

ak
jl±vk

l C bk
j ±3k C ck

j ±¿ k D r k
j (19b)

where ± Nvk ; Nbk; Nck ; Nd k , and Nr k are n ¡ 1 dimensional vectors de� ned
by

± Nvk D ±vk
1 ; ±vk

2 ; : : : ; ±vk
j ¡ 1; ±vk

j C 1; : : : ; ±vk
n ¡ 1; ±vk

n

t

Nbk D bk
1; bk

2; : : : ; bk
j ¡ 1; bk

j C 1; : : : ; bk
n ¡ 1; bk

n

t

Nck D ck
1; ck

2; : : : ; ck
j ¡ 1; ck

j C 1; : : : ; ck
n ¡ 1; ck

n

t

Ndk D ak
1 j ; ak

2 j ; : : : ; ak
j ¡ 1; j ; ak

j C 1; j ; : : : ; ak
n ¡ 1; j ; ak

n j

t

Nr k D r k
1 ; r k

2 ; : : : ; r k
j ¡ 1; r k

j C 1; : : : ; r k
n ¡ 1; r k

n

t

We can get the solution to Eq. (19a) in terms of ±3k; ±¿ k , and ±vk
j ,

i.e.,

± Nvk D h1 C ±3k h2 C ±¿ k h3 C ±vk
j h4 (20a)

by solving the systems

Bk h1 D Nr k; Bk h2 D ¡Nbk

(20b)
Bk h3 D ¡Nck ; B kh4 D ¡ Ndk

Substitutions of Eq. (20a) into Eqs. (18b), (18c), and (19b) lead to
a linear system of three equations for three unknown ±3k; ±¿ k ; ±vk

j ,
and its solution can be obtained easily. Finally, from Eq. (20a), one
can get ± Nvk and then ±vk .

In solving extended system (8), we never use » D 0, so that, when
applying Newton’s method, derivatives of the tangent stiffness ma-
trix neednotbe computed.Furthermore,in the � rst continuationstep
starting from » D 0, we may choose .v0; 30; ¿ 0/ D .0; 0; 0/. After
that, one can use predictor-solver methods to determine functions
v.»/; 3.»/, and ¿ .» /.

IV. Numerical Examples
Example 1. Ziegler’s two-degree-of-freedomcantilevered model

under step load of in� nite duration.
The model shown in Fig. 1 consists of two rigid weightless links

of equal length l, interconnected with each other and being sup-
ported by frictionless hinges and correspondingnonlinearly elastic
rotational springs of quadratic type. The unstressed con� guration
is speci� ed by the initial geometric imperfections "1 and "2. The
model at its top end is subjected to a step load P of in� nite duration.

Fig. 1 Ziegler’s cantilevered
model under step load of in� -
nite duration.
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The total potential energy of this structural system is given by

V .µ1; µ2; ¸; "1; "2/ D 1
2
µ 2

1 C 1
3
±1µ 3

1 C 1
2
.µ2 ¡ µ1/

2

C 1
3 ±2.µ2 ¡ µ1/

3 ¡ ¸[cos "1 ¡ cos .µ1 C "1/

C cos "2 ¡ cos .µ2 C "2/] (21)

where µ1 and µ2 are the incremental angles of deformation of the
system u :D .µ1; µ2/

t , k is the linear spring component common
for both springs, and ±i .i D 1; 2/ are the nonlinear components of
the corresponding quadratic springs; ±i > 0 .<0/ express that the
corresponding spring is of hard (soft) type, ¸ :D Pl=k. Thus, the
equilibrium equation of the system is as follows:

µ1 C ±1µ
2
1 ¡ µ2 C µ1 ¡ ±2.µ2 ¡ µ1/2 ¡ ¸ sin.µ1 C "1/ D 0

(22)
µ2 ¡ µ1 C ±2.µ2 ¡ µ1/2 ¡ ¸ sin.µ2 C "2/ D 0

Let the imperfection

w D ."1; "2/
t D " Nu; Nu :D .a; b/t ; a2 C b2 D 1 (23)

In the following numerical computations, we take ±1 D ¡2:5,
±2 D ¡0:75. At the � rst bifurcation point of the perfect model, the
buckling load ¸c D 0:381966 and the correspondingbuckling mode
u1 D .0:525731; 0:850651/t . We use extended system (8) to deter-
mine v.»/; 3.»/; ¿.» / by the methodsdescribedin Sec. III. Figure 2
shows the variation of the lower-bound dynamic buckling load Q̧

d

with the imperfection magnitude " for three different imperfection
patterns .a; b/t D .¡0:71; 0:71/t , .1:0; 0:0/t , and .0:53; 0:85/t . For
comparison,we alsoplot thecorrespondingasymptoticlower-bound
dynamicbucklingloads [up to O."3=2/] derivedby using the method
given in Ref. 11.

Fig. 2 Variation of lower-bound dynamic buckling load with imper-
fection magnitude for three different imperfection patterns.

Fig. 3 Beam on a softening elastic foundation under axial step load of in� nite duration.

From Fig. 2, one observes that, as imperfection magnitude in-
creases, the lower-bound dynamic buckling load decreases; and
along with Nu D .0:53; 0:85/t , which has the pattern of the buck-
ling mode, the lower-bound dynamic load decreases most rapidly.
Another important fact is that the asymptotic analysis generally is a
reasonableapproximationonly for a small rangeof the imperfection
magnitude.

Example 2. A simply supported beam on a nonlinear softening
elastic foundation subjected to axial step load of in� nite duration
(Fig. 3).

The nondimensionalpotential energy of the beam is15

8.u; ¸; w/ D
l

0

³
1

2
u 002¡ 1

2
¸u 02C 1

2
u2¡ 1

4
u4¡¸w0u0

´
dx (24a)

The nondimensional axial coordinate x , incremental lateral dis-
placement u, axial load ¸, and initial geometric imperfection w
are related to the correspondingphysical quantities by

x D
³

k1

E I

´ 1
4

X; u D
³

k3

k1

´ 1
2

W;

(24b)

¸ D
P

.E Ik1/
1
2

; w D
³

k3

k1

´ 1
2

NW

The incremental lateral de� ection W of the beam is restrainedby a
continuous elastic foundation that produces a nonlinear restraining
force per unit length of k1W ¡ k3W 3, with k1 > 0; k3 > 0. For the
sake of illustration, we take l ´ .k1=E I /1=4 L D ¼ in the following
discussion.

We choose a uniform mesh size, h D ¼=.N C 1/, N : integer, and
nodes xi D ih, i D 1; 2; : : : ; N . Starting from Eq. (24) and using
difference-variation (evaluate the integral with trapezoid formula
and use central difference quotient approximations to u00 and u0)
discretization to it leads to the corresponding � nite-dimensional
potential energy function V :

V .u; ¸; w/ D 1
2

h
N

1

³
ui C 1 ¡ 2u i C ui ¡ 1

h2

´2

¡ 1

2
h¸

1

2

u2
1

h2
C

N

1

³
ui C 1 ¡ ui ¡ 1

2h

´2

C 1

2

u2
N

h2

C
h

2

N

1

u2
i ¡

h

4

N

1

u4
i ¡ ¸h

1
2

w1

h

u1

h

C
N

1

³
wi C 1 ¡ wi ¡ 1

2h

´³
u i C 1 ¡ u i ¡ 1

2h

´
C

1

2

wN

h

u N

h
(25)

where u1 D uN C 1 D w1 D wN C 1 D 0, u D .u1; u2; : : : ; u N /t , and
w D .w1; w2; : : : ; wN /t are, respectively, the column vectors of the
nodes of the incremental lateral displacement and initial geometric
imperfection.
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Fig.4 Variationof lower-bounddynamicbuckling loadwith maximum
imperfection magnitude.

The components of the corresponding equilibrium equation
Vu D 0 are

u3 ¡ 4u2 C 5 C h4 ¡ h4u2
1 u1

¡ .h2=4/¸.3u1 ¡ u3 C 3w1 ¡ w3/ D 0

ui ¡ 2 ¡ 4u i ¡ 1 ¡ 4ui C 1 C ui C 2 C 6 C h4 ¡ h4u2
i ui

¡ .h2=4/¸.2u i ¡ ui ¡ 2 ¡ u i C 2 C 2wi ¡ wi ¡ 2 ¡ wi C 2/ (26)

D 0; 2 · i · N ¡ 1

uN ¡ 2 ¡ 4u N ¡ 1 C 5 C h4 ¡ h4u2
N uN

C .h2=4/¸.¡3u N C uN ¡2 ¡ 3wN C wN¡2/ D 0

In this � nite-dimensional system, we de� ne the inner product of u
and v as follows:

.u; v/ D h
N

1

u i vi .27/

Let N D 40. The bucklingloadof the perfectbeamis ¸c D 2:002939,
and the correspondingbucklingmode u1 is normalizedaccordingto
the norm ku1k D .u1; u1/1=2 D 1 and its expression is omitted. In the
computation,we consider the initial geometric imperfection,which
has the shape of classicalbucklingmode u1 , and let the imperfection

w D "u1 .28/

Based on the methods in Sec. III, extended system (8) is used to de-
terminev.»/; 3.»/; ¿ .» /.The variationof the lower-bounddynamic
buckling load Q̧

d with the maximum magnitude umax
0 .:D"umax

1 ,
where umax

1 is the largest component in the normalized buckling
mode u1 ) of the initial geometric imperfection is shown in Fig. 4.
The comparison of the exact result, and the asymptotic solution [up
to O."/] obtainedby using the methoddescribedin Refs. 11 and 12,
is best examined in Fig. 4.

Figure 4 indicates that the lower-bound dynamic buckling load
decreasesrapidlywith the increaseof themaximuminitialgeometric
imperfection magnitude, and the asymptotic analysis is valid only
for a small range of imperfection magnitude.

V. Conclusions
An extendedsystem method for determiningthe lower-bounddy-

namic buckling loads of imperfection-sensitivesystems under step
load of in� nite duration is presented. The method is based on the
energy criterion for establishingthe lower-bounddynamic buckling
loads without solving the highly nonlinear initial-value problems.
The solutions to the extended system form a locally unique smooth
curve parameterized by » , the amplitude of projection of displace-
ment u on the normalized buckling mode u1 of the perfect system.
Thus, with the extended system, standard methods can be used to
compute the lower-bounddynamic buckling loads directlyby using

the continuationof » from » D 0. The implementation of Newton’s
method solving the extended system—a partitioning procedure—
also is given. The two numerical examples show that one can get
the lower-bound dynamic buckling load for suf� ciently large im-
perfection magnitude and the algorithm has good convergence.
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